We obtain explicit estimates showing how the global norm of a band-limited function blows up, as it locally approximates a function with a jump in a derivative. As an application, we obtain bounds on how well a function, with a jump in a derivative, can be essentially time-and band-limited.
Introduction
Let U and V be closed vector subspaces of a Hilbert space H with respective orthogonal projections P U and P V . Existence of solutions g ∈ H to the system P U g = u, P V g = v (1.1) has been well studied, for example, in [7, p. 88] and [4] . It is shown in [4] that the condition U ∩ V = {0} is equivalent to the existence of approximate solutions to (1.1) given any pair (u, v) ∈ U × V ; i.e., there exists a sequence {g k } ∞ k=1 in H such that ||P U g k − u|| + ||P V g k − v|| −→ 0.
(1.2)
Suppose that for some particular (u, v) ∈ U × V , there exists no g ∈ H that satisfies (1.1) but there exists a sequence {g k } ∞ k=1 satisfying (1.2). A compactness argument shows that ||g k || → ∞. This raises the general question of finding explicit estimates describing how ||g k || tends to infinity in relation to how fast ||P U g k − u|| + ||P V g k − v|| tends to zero.
In this note, we shall consider the important special case with H = L 2 (R), U = {u ∈ H : supp u ⊂ I} and V = {v ∈ H :
where Ω > 0 is fixed, I is a given compact interval, and v denotes the Fourier transform of v. Since U ∩ V = {0}, approximate solutions to (1.1) always exist. Now, fix u ∈ U and ρ > 0. Classical arguments show there exists g ∈ L 2 (R) such that ||P U g − u|| < ρ and P V g = 0; i.e.,
Suppose a ∈ I and δ > 0 such that ]a − δ, a + δ[ ⊂ I and u is n times differentiable on both ]a − δ, a[ and on ]a, a + δ[. Our main result states that, under reasonable conditions,
, and C n is a constant depending only on n.
As an application of (1.3), we obtain bounds on how well a function, with a jump in a derivative, can be essentially time-and band-limited. Taking I = [−δ, δ] for simplicity, we obtain under reasonable conditions that
whenever u and u are ε-concentrated on [−T, T ] and [−Ω, Ω] respectively, and A n is a constant depending only on n. We recall that a function f is ε-concentrated on A ⊂ R if
This complements a result of Donoho and Stark in [5] . They showed that if a function f of unit norm is ε-concentrated on A and f is ρ-concentrated on B, then |A|·|B| ≥ (1−ε−ρ) 2 (see also [8] for a slight improvement).
The estimate (1.3) can be viewed as an uncertainty principle inequality. It describes how the global norm ||g|| L 2 (R) grows as the local approximation error ||u − g|| L 2 (I) tends to zero. It is remarkable to note that the growth of ||g|| L 2 (R) is manifested outside I. The reader may consult [1] , [2] , [3] , [6] , [7] , [8] and [12] for background on uncertainty principle inequalities and on essentially time-and band-limited functions.
For an interval I and a measurable function u : I −→ C, we let
If I is the entire real line, we simply write ||u|| 2 in place of ||u|| L 2 (I) . The Fourier transform of an integrable function f : R −→ C is defined by
If Ω > 0, we define the Paley-Wiener class
Growth of norms of approximate solutions
When the problem (1.1) has no solution for a fixed (u, v) ∈ U × V , then approximate solutions blow up.
Proposition 2.1 Let U and V be closed vector subspaces of a Hilbert space H with respective orthogonal projections P U and P V . Let (u, v) ∈ U × V such that the system
Proof. Suppose otherwise. Then some subsequence {g n k } ∞ k=1 converges weakly, say to
Moreover, since {g n k } is a bounded sequence,
Hence, from (2.1) and (2.2), we obtain
Hence, P U g = u. Likewise, we conclude that
In the context of bandlimited local approximations, Proposition 2.1 translates into the following corollary.
Corollary 2.2
Let Ω > 0 and I be a compact interval of the real line. Suppose u ∈ L 2 (I) is not the restriction of a function from P W (Ω).
Proof. We shall apply Proposition 2.1 with
, Ω]}, v = 0 and u as given in the statement of the corollary. Note that for all f ∈ H,
Thus, the system
We emphasize that to a locally square-integrable function u, it is always possible to obtain local approximations with Fourier transforms having arbitrarily small supports. In [13] , they showed that this follows from the density of suitable prolate spheroidal wave functions in L 2 (I). We give a simpler constructive proof below.
Let Ω and ǫ be arbitrary positive numbers. Then there exists g ∈ P W (Ω) such that ||u − g|| L 2 (I) < ǫ.
Proof. Let φ be a function from the Schwartz class such that supp φ ⊂ [−1, 1] with φ(0) = 1. Choose a polynomial P such that ||u − P || L 2 (I) < ǫ/2. Let ω > 0 be small enough such that ω < Ω and ω 2 ||φ ′ ||
Mean Value Inequality
Our main result in section 4 makes use of the following inequality, which bounds a local L 2 -norm by a pointwise derivative.
Lemma 3.1 Fix n ∈ N ∪ {0} and real numbers α, β with α < β. Let φ : [α, β] → R be n times continuously differentiable. Then there exists τ ∈ ]α, β[ such that
where
the Legendre polynomial of degree n (for example, see [11] ). Integrating by parts n times yields
3)
for some σ ∈ ] − 1, 1[. Moreover, using the Beta function, we find that
By combining (3.4), (3.3), the Cauchy-Schwarz inequality, and the fact that
, we obtain n!2
Finally, in view of the equalities
where τ = β−α 2 (σ − 1) + β, we see that (3.5) is equivalent to the desired estimate (3.1).
Bandlimited approximation of functions with a jump in a derivative
For a fixed function u defined on a compact interval I, we obtain an estimate showing how the L 2 (R)-norm of a function g ∈ P W (Ω) blows up, as the local approximation errors u − g L 2 (I) go to zero. Here, u (n) is assumed to have a jump at some interior point a in I.
Theorem 4.1 Let n ∈ N ∪ {0}, I be a compact interval of R and u ∈ L 2 (I) be real-valued. Suppose that for some a ∈ I and δ 0 > 0, ]a − δ 0 , a + δ 0 [ ⊂ I, u is n times continuously differentiable on the intervals ]a − δ 0 , a[ and ]a, a + δ 0 [ , and
), and g ∈ P W (Ω) such that
is discontinuous at a, and therefore cannot be the restriction to I of an entire function. First, assume that
. In view of (4.2) and (4.4), we have 0 < δ < δ 0 . Let g 1 denote the real part of g. Let 0 < ρ < δ. By Lemma 3.1 applied to φ = u − g 1 , there exist t
Meanwhile, the inversion formula for the Fourier transform implies,
Since |t
With our choice of δ, (4.6) implies
On the other hand, assume that 4B n Ω
By (4.2), the right-hand side of the last inequality above is greater than ∆ n (u)/C n . Thus, (4.9) also holds.
Bounds on essential time-and band-limitedness
As an application of Theorem 4.1, we obtain bounds on how well a function, with a jump in a derivative, can be essentially time-and band-limited. Given positive numbers T, Ω and ε, let P(T, Ω, ε) denote the set of all u ∈ L 2 (R) such that
Theorem 5.1 Let T, Ω > 0, 0 < 14ε ≤ 1 and u ∈ P(T, Ω, ε) be real-valued. Let n ∈ N ∪ {0} such that u is n times continuously differentiable on the intervals ] − T, 0[ and ]0, T [ and suppose
), and assume that
where I = [−T, T ], and D n and B n are defined as in Theorem 4.1. Then
where A n = C n 14/ √ 195 p+1 , and C n is defined in the statement of Theorem 4.1.
Proof. Let {ψ n } ∞ n=0 denote the sequence of prolate spheroidal wave functions corresponding to (T, Ω). They form an orthonormal basis for P W (Ω). Moreover, under the conditions in (5.1), they satisfy 
Combining this with (5.5) and the fact that ||g|| 2 ≤ ||u|| 2 , we obtain
Meanwhile, since we have assumed 14ε ≤ 1, the first inequality in (5.1) implies √ 195 14
Combining this with (5.7) gives the desired estimate (5.4).
Taking n = 0 and p = 1 in Theorem 5.1, the following example shows that the lower bound for ε in (5.4) is optimal up to a constant factor.
Then u ∈ P(T, Ω, ε) and 
which is satisfied for α sufficiently large with β fixed.
Proof. We have iπw u(w) = α {cos(2πT w) − 1} + β {cos(2π(T + δ)w) − cos(2πT w)} . Therefore, | u(w)| ≤ 2(α + β)(π|w|) 
